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Motivation

Figure – Floods in Haute-Garonne and Ariege,
France 2022

Figure – Sediment transport and Deposition of
the Rhone River
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The Shallow water model with two velocities


∂th + ∂x(hu) = 0
∂t(hu) + ∂x(h(u2 + û2) + g

2h
2) = 0

− gh∂xZ

∂t û + ∂x(uû) = 0
(SW2)

h (t, x) ∈ R+ the water height
u (t, x) ∈ R the vertical-averaged of the horizontal velocity
û (t, x) ∈ R the signed standard deviation of the horizontal velocity

g the gravity
Z (x) the topography

Z(x)

h(t, x)

x

" For û = 0, we retrieve the classical shallow water model.
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(SW2)
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û (t, x) ∈ R the signed standard deviation of the horizontal velocity
g the gravity
Z (x) the topography

Z(x)

h(t, x)

x

" For û = 0, we retrieve the classical shallow water model.
Nelly BOULOS AL MAKARY 14 Mars 2023 4 / 45



Properties of the model
Mechanical energy
The mechanical energy reads

E = g
h2

2
+

h

2
(
u2 + û2

)
,

and the associated energy flux is

G =

(
gh +

u2 + 3û2

2

)
hu.

The smooth solutions satisfy the energy conservation law

∂tE + ∂xG = 0

whereas discontinuous solutions are selected to satisfy the following energy
inequality condition

∂tE + ∂xG ≤ 0.

" E is a convex function of (h, hu, hû) and not (h, hu, û).
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Properties of the model

Hyperbolicity
We consider the set of variables

U = (h, hu, û)

The eigenvalues are given by
λL = u −

√
gh + 3û2

λ∗ = u,

λR = u +
√

gh + 3û2,
x

λRλ∗λL

u and hû2 + g
2h

2 are continuous through the λ∗−wave
û
h is continuous through the external waves λL and λR (even through the
shock)
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Content

1 Steady State Solutions

2 Numerical schemes

3 Numerical results
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Steady State solutions of the model with topography


∂th + ∂x (hu) = 0,
∂t (hu) + ∂x

(
h
(
u2 + û2

)
+ g

2h
2
)

= −gh∂xZ ,
∂t û + ∂x (uû) = 0.

(SW2)

We are interested in steady state solution in a bounded domain x ∈ I = [xL, xR ]
defined from its boundary condition.

Hypothesis

We assume that there exists a point x0 ∈ I such that Z is a C 1 regular function,
increasing on [xL, x0] and decreasing on [x0, xR ].

The Froude number :
Fr :=

|u|√
gh + 3û2

,

The flow is 
subcritical if Fr < 1,
critical if Fr = 1,
supercritical if Fr > 1,
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Moving steady state solution

When the solution is C 1


∂x (hu) = 0,
∂x
(
h
(
u2 + û2

)
+ g

2h
2
)

= −gh∂xZ ,
∂x (uû) = 0.

Hence, the three quantities
hu

h + Z + 1
2g

(
u2 + 3û2

)
uû

are constant.

At a point of discontinuity
The Rankine-Hugoniot jump
conditions :

[hu] = 0[
h
(
u2 + û2

)
+ g

2h
2
]

= 0
[uû] = 0,

The dissipation of entropy :[(
g (h + Z ) +

u2 + 3û2

2

)
hu

]
≤ 0,

where [X ] = X+ − X−.

hu = M

For u 6= 0 and h > 0,
û
h = S
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2

)
hu

]
≤ 0,

where [X ] = X+ − X−.

hu = M

For u 6= 0 and h > 0,
û
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Moving steady state solutions

We fix M > 0 and S ∈ R.

The Froude number rewrites

Fr =
M

h
√
gh + 3S2h2

.

We define the critical water height hc corresponding to Fr = 1. Hence,

3S2h4c + gh3c −M2 = 0

The flow is supercritical if h < hc , critical if h = hc and subcritical if h > hc .
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Regular moving steady state solutions

Proposition

For a given M ∈ R∗+, S ∈ R, we define the function Φ as

Φ : R∗+ × R → R∗+
(h,Z ) 7→ h + Z + 1

2g

(
M2

h2 + 3h2S2
)

Then, the function x 7→ h (x) is a C 1 steady state solution of (SW2) if and only if
there exists K ∈ R such that

∀x ∈ I , Φ (h(x),Z (x)) = K

which is nothing more than the Bernoulli’s principle in our context.
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Regular moving steady state solutions
To define a C1 solution on the interval I , we need to find for any x ∈ I a solution h (x) of the
equation

Φ (h (x) ,Z (x)) = K where Φ (h,Z ) = h + Z +
1
2g

(
M2

h2 + 3h2S2
)
.

Φ

h

h 7→ Φ (h,Z (x))

hc

h 7→ Φ (h,Zmax)

Kc := Φ (hc ,Zmax )

K

hsupK (x) hsubK (x)
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Stationary shocks and the entropy condition

Definition
For a given M ∈ R∗+, S ∈ R, we define the function F hu representing the momentum flux as

F hu : R∗+ → R∗+
h 7→ M2

h + h3S2 + g
2 h

2.

h

hch ψ (h)

F hu

admissible shock

non admissible shock
Proposition
For a given M ∈ R∗+ and S ∈ R, we suppose that
h− ∈ R∗+ and ψ

(
h−
)

= h+ are respectively the
water heights at the left and at the right of a
stationary shock. Then, the shock verifies the energy
dissipation if one of the equivalent conditions below
holds :

K+ = Φ
(
h+
,Z
)
≤ K− = Φ

(
h−,Z

)
or

h− < hc < h+
.
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Moving steady state solutions

Z (x)

ZR + hsup
Kc

(xR)

ZR + hsub
Kc

(xR)

subcritical solution hsub
K

supercritical solution hsup
K

xK

Z (x) + hc
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Representation of the eigenvalues for the different boundary
conditions

λE1 = u −
√

gh + 3û2, λE2 = u and λE3 = u +
√
gh + 3û2.

xL xR

λE
3λE

2λE
1 λE

3λE
2λE

1

(a) Subcritical inlet and outlet boundaries

xL xR

λE
3λE

2λE
1 λE

3λE
2λE

1

(b) Subcritical inlet and supercritical outlet
boundaries

xL xR

λE
3λE

2λE
1 λE

3λE
2λE

1

(c) Supercritical inlet and subcritical
outlet boundaries

xL xR

λE
3λE

2λE
1 λE

3λE
2λE

1

(d) Supercritical inlet and supercritical
outlet boundaries
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General steady state solutions for SW

Solutions with subcritical inlet boundary conditions [Swashes, 13]

M = 4.42m2
/s, h (xR ) = 2m

Z (x)

M = 0.18m2
/s, h (xR ) = 0.33m

Z (x)

M = 1.53m2
/s, h (xR ) = 0.66m

Z (x)

What is the type of the solution for any parameter M and h ?
Is there another type of solution verifying the same boundary conditions ?
What is the type of the solution when we add S ?
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Construction of the stationary solutions
We fix M > 0 and S ∈ R then, we can compute hc , Kc , hsub

Kc
and hsup

Kc
.

With hL = h (xL) and hR = h (xR ) we can compute

KL = Φ (hL,ZL) , and KR = Φ (hR ,ZR ) .

1 If a piecewise C1 solution exists on I , then KL ≥ Kc and KL ≥ KR
2 The transition from the subcritical to the supercritical is continuous and occurs only at the top of

the topography x = x0 and with a critical hydraulic head Kc .
3 The solution may contain at most one shock on each side of the domain.

Φ

h

h 7→ Φ (h,Z (x))

hc

h 7→ Φ (h,Zmax)

Kc := Φ (hc ,Zmax )

K

hsup
K (x) hsub

K (x)

K

hsup
K (x) hsub

K (x)
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General steady states with subcritical boundary conditions
at both sides of the domain
We fix one boundary condition of the form h (xR ) = hR and we suppose that h (xL) > hc

Z (x)
ZR + hsup

Kc
(xR)

ZR + hsub
Kc

(xR)

subcritical solution hsub
KR

hR > hsub
Kc

ZL + hsub
Kc

(xL)

hR < hsub
Kc

xKR

transcritical solution

xshock

ZR + ψ
(
hsup
Kc

(xR)
)

Z (x) + hc

f :
[
xKR

, xR
]
→ R

x 7→ F hu
(
hsub
KR

(x)
)
− F hu

(
hsup
Kc

(x)
) f (xKR

) < 0
f (xR ) > 0

f is strictly increasing on
[
xKR

, xR
]
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General steady states with supercritical inlet boundary
conditions

Subcritical outlet boundary conditions :

Z (x)

one shock at right

Z (x)

one shock at left

Z (x)

two shocks

Supercritical outlet boundary
conditions :

Z (x)

supercritical everywhere

Z (x)

one shock at left
A formal analysis was done by
physicists to prove that the
shock at left is linearly non
stable in [Baines et Whitehead,
03].
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Uniqueness

Figure – Sketch of the different zones of solutions with supercritical boundary condition
at the left and subcritical boundary condition at the right for M = 0.1, S = 1, g = 9.81
and Z (xL) = Z (xR).
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Description of the Godunov-type schemes

Godunov observed that Un
i define at each cell interface xi+ 1

2
a Riemann problem


∂tU + ∂xF (U) = 0

U (tn, x) =

{
UL if x < xi+ 1

2

UR if x ≥ xi+ 1
2

•

t

x

λR

UR

λ∗

U∗RU∗L

UL

λL

" Computing the exact solution of the Riemann problem at each interface and for each time
step is costly since it implies a fix point algorithm, see [Aguillon, Audusse, Godlewski et Parisot,
18]

The considered approximated Riemann
solvers are

Ũ
(x
t
,UL,UR

)
=


UL = U 1

2
if x

t
< λ1,

Ũj+ 1
2

if λj < x
t
< λj+1 ,

UR = UN+ 1
2

if x
t
> λN .

•

t

x

λ3

UR

λ2

UL

λ1
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Description of the Godunov-type schemes

1 The external waves of the approximated solution have to be faster than the
external wave speed of the exact solution

λL = min (uL − cL, uR − cR) ,
λR = max (uL + cL, uR + cR) ,

where cX =
√

ghX + 3û2X .
2 The time step has to satisfy the following CFL condition

(max
j,i
|λnj,i+ 1

2
|)∆tn ≤ ∆x

2
,

where λn
j,i+ 1

2
= λj(U

n
i ,U

n
i+1).

3 The scheme has to satisfy a consistency property in the sense Harten and Lax
showed in [Lax et al, 83]

1
∆x

∫ ∆x
2

−∆x
2

Ũ
( x

∆tn
,UL,UR

)
dx =

1
∆x

∫ ∆x
2

−∆x
2

Ur

( x

∆tn
,UL,UR

)
dx ,
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The HLLu approximate Riemann solver
To determine the seven unknowns

(
h∗L , u

∗
L , û
∗
L

)
,
(
h∗R , u

∗
R , û
∗
R

)
and λ∗

we consider the consistency
relations (3 equations)
we impose the continuity of u
through the λ∗−wave

u∗L = u∗R = λ∗.

we impose the continuity of
û

h
on

the external waves λL and λR

ûL

hL
=

û∗L
h∗L

and
ûR

hR
=

û∗R
h∗R
.

x

λR

(
hR

hRuR
ûR

)
λ∗(

h∗R
h∗Ru
∗
R

û∗R

)(
h∗L

h∗Lu
∗
L

û∗L

)
(

hL
hLuL
ûL

)λL

For hL > 0 or hR > 0, we are able to prove that
λL < λ∗ = uHLL < λR

h∗L = hL

(
λL − uL

λL − uHLL

)
,

h∗R = hR

(
λR − uR

λR − uHLL

)
,

with uHLL =

[
λhu − h(u2 + û2)− g

2 h
2]

[h (λ− u)]
.

" The scheme is equivalent to the Siliciu scheme proposed in [Bouchut, 04] and the
3-waves ARS proposed by [Chandrashekar, Nkonga, Meena et Bhole, 20]
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ûL

hL
=
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ûR

)
λ∗(

h∗R
h∗Ru
∗
R
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û∗R
h∗R
.

x

λR

(
hR

hRuR
ûR
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The HLLu approximate Riemann solver

Properties of the scheme
Preserves the positivity of the water heights.
Satisfies the maximum principle on S .
Satisfies the preservation of the stationary contact discontinuity where u = 0
and hû2 + g

2h
2 is constant.

Verifies a discrete energy inequality of the scheme ?
If there exists a numerical energy flux G (UL,UR) which is consistent with the
exact energy flux, i.e G (U,U) = G (U) such that

∀i ∈ Z,∀n ∈ N, E
(
Un+1
i

)
− E (Un

i ) +
∆tn

∆x

(
Gni+ 1

2
− Gni− 1

2

)
≤ 0, (1)

where
Gni+ 1

2
= G

(
Un
i+1,U

n
i

)
.

" E is a convex function of (h, hu, hû) and not (h, hu, û)
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The HLLu approximate Riemann solver

UL

UR
•• •

•••

More precisely, if (1) is verified then, it is necessarily true in the two cells
separating the discontinuity. In other words, for one time step, we have E

(
U1

L

)
− E

(
U0

L

)
+ ∆tn

∆x

(
G0

3
2
− G

(
U0

L

))
≤ 0,

E
(
U1

R

)
− E

(
U0

R

)
+ ∆tn

∆x

(
G
(
U0

R

)
− G0

3
2

)
≤ 0,

=⇒

∆E0,1 := E
(
U1

R

)
+ E

(
U1

L

)
−
(
E
(
U0

R

)
+ E

(
U0

L

))
+

∆tn

∆x

(
G
(
U0

R

)
− G

(
U0

L

))
≤ 0. (2)
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Properties of the scheme
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Numerical schemes for the model with topography

We consider now the set of variables

W = (h, hu, û,Z ).

•Schemes that are accurate on the contact discontinuity while verifying a
well-balanced property for all regular steady states of the system (SW2).

The C 1 steady states of (SW2) system are governed by
∂x (hu) = 0,
∂x
(
h
(
u2 + û2

)
+ g

2h
2
)

= −gh∂xZ ,
∂x (uû) = 0

=⇒


hu = M,
u2

2 + 3û2

2 + g (h + Z ) = K ,
uû = MS .

For all WL = (hL, hLuL, ûL,ZL) and WR = (hR , hRuR , ûR ,ZR) at steady state, the
well balanced approximate Riemann solver W̃ should verify

W̃
(x
t
,WL,WR

)
=

{
WL if x

t < 0,
WR if x

t > 0.
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Numerical schemes for the model with topography

Now we have an additional wave which is the stationary wave λ0 due to the
presence of the topography

x

λRλ0λL

1 To preserve the order of the waves, we choose the following two external
waves

λL = min (uL − cL, uR − cR , 0) ,
λR = max (uL + cL, uR + cR , 0) ,

2 The consistency relation now reads

F (WR)− F (WL)−∆x · B̃ (∆x ,∆tn,WL,WR) =
N∑
j=1

λj

(
W̃j+ 1

2
− W̃j− 1

2

)
.

where B̃ is a numerical approximation of the source term verifying

B̃ ∆x→0
WL,WR→W

∼ −gh∆Z .
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Numerical schemes for the model with topography

Existing works
[Berthon et Chalons, 16]

[Michel-Dansac, Berthon, Clain et Foucher, 17]

[Berthon, M’baye, Le et Seck, 21]

[Berthon, Desveaux, Klingenberg et Zenk, 16]

[Desveaux et Masset, 21]

Let us introduce the quantity (steady state indicator)

εL,R = |KR − KL|+ |MR −ML|+ |SR − SL|.

The smooth steady state solutions of (SW2) for a Riemann problem are then
characterized by

εL,R = 0.
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Source term discretization

Definition
Suppose that hL > 0 and hR > 0. We define

M2 = |MLMR | , S2 = |SLSR | , h̄ =
hL + hR

2
, F̃h̄,M,S =

M2h̄

gh2
Lh

2
R

− 3
S2h̄

g
.

When F̃h̄,M,S 6= 1 or εL,R 6= 0, let us define an approximation of the interface topography
source term by

∆x · B̃M = −gh̄ (ZR − ZL) +

(
M2

4h2
Lh

2
R

+
S2

4

)
(hR − hL) (ZR − ZL)2(
1− F̃h̄,M,S

)2
+ εL,R

.

consistent with −gh∂xZ
vanishes for a flat topography
is adapted for the construction of well-balanced schemes.
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The HLL0 scheme

We introduce the following notation

AhHLLuHLL,B̃
= (λR − λL) hHLLuHLL + ∆x · B̃.

x

λR

WR

λ0

W ∗RW ∗L
WL

λL

The integral consistency relations imply{
λRh∗R − λLh

∗
L = (λR − λL) hHLL,

λRh∗Ru
∗
R − λLh∗Lu

∗
L = AhHLLuHLL,B̃

,
λR û∗R − λLû

∗
L = (λR − λL) ûHLL,

We consider that the states L∗ and R∗ verify through the contact discontinuity λ0, a discrete
version of the smooth steady state solutions

[hu]R
∗

L∗ = 0,[
h
(
u2 + û2

)
+ g

2h
2
]R∗
L∗

= ∆x · B̃,
[ûu]R

∗

L∗ = 0

=⇒


h∗Ru
∗
R = h∗Lu

∗
L := M∗,

M∗2
[ 1
h

]R∗
L∗

+ S∗2
[
h3
]R∗
L∗

+ g
2

[
h2
]R∗
L∗

= ∆x · B̃

,
û∗R
h∗R

=
û∗L
h∗L

:= S∗.

Then, the sixth relation is

(h∗R − h∗L ) = CαL,R ,B̃
with CαL,R ,B̃

:=
αL,R∆x · B̃
α2
L,R + εL,R

.

and

αL,R =
−M2

hLhR
+

g

2
(hR + hL) + S2

(
h2
R + hLhR + h2

L

)
.
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û∗R
h∗R

=
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The HLL0 scheme
Well-balanced version of the HLL0 scheme
For, hL > 0 and hR > 0, the HLL0 scheme defined by

h∗L = hHLL −
λRCαL,R ,B̃

(λR − λL)
,

h∗R = hHLL −
λLCαL,R ,B̃

(λR − λL)
,

u∗L =
hHLLuHLL +

∆x · B̃
λR − λL

h∗L
,

u∗R =
hHLLuHLL +

∆x · B̃
λR − λL

h∗R
,

û∗L = ûHLL
h∗L
hHLL

,

û∗R = ûHLL
h∗R
hHLL

,

(HLL0)

Proposition
Suppose that εL,R = 0. Then, with the approximation of the source term defined earlier,
we have

W ∗L = WL and W ∗R = WR

and the HLL0 scheme is well-balanced
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The HLL0 scheme

Positive and well-balanced version of the HLL0 scheme
Our strategy is to test the positivity of the quantities h̃∗L and h̃∗R defined by

h̃∗L = hHLL −
λRCαL,R ,B̃

(λR − λL)
and h̃∗R = hHLL −

λLCαL,R ,B̃

(λR − λL)
.

Then, the correction is interpreted as the solution of a new ARS with vanishing intermediate states.

The case h̃∗L > 0 and h̃∗R > 0 then,the intermediate states defined in (HLL0).

The case h̃∗L < 0 and h̃∗R > 0 then, the
scheme is defined by



h∗L = 0,

h∗R =
(λR − λL) hHLL

λR
,

u∗L = 0,

u∗R =
AhHLLuHLL,B̃

λRh∗R
,

û∗L = 0,

û∗R =
(λR − λL) ûHLL

λR
,

The case h̃∗L > 0 and h̃∗R < 0 then, the
scheme is defined by



h∗L = −
(λR − λL) hHLL

λL
,

h∗R = 0,

u∗L = −
AhHLLuHLL,B̃

λLh∗L
,

u∗R = 0,

û∗L = −
(λR − λL) ûHLL

λL
,

û∗R = 0.
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The HLL0 scheme
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The HLL0,u scheme

Here we propose a second 4-waves ARS that is a mixture between HLL0 and HLLu.

x

λR

WR

t

λ∗ λ0
W ∗0 W ∗RW ∗L

WL

λL

x

λR

WR

t

λ∗λ0
W ∗0 W ∗RW ∗L

WL

λL

Figure – The waves representation of the HLL0,u approximate Riemann solver with
λ∗ < 0 on the left and λ∗ > 0 on the right.
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The HLL0,u scheme

Similarly to HLLu, we impose the continuity u across the transport wave.

λ∗ =

{
u∗L = u∗0 if λ∗ < 0,
u∗R = u∗0 if λ∗ > 0.

Similarly to HLL0, we consider the Riemann invariant across the stationary
wave

(h∗0u
∗
0, u
∗
0û
∗
0) =

{
(h∗Ru

∗
R , u
∗
R û
∗
R) if λ∗ < 0,

(h∗Lu
∗
L, u
∗
Lû
∗
L) if λ∗ > 0

We consider the consistency relation
The linearization across the stationary wave implies

CαL,R ,B̃
=

{
(h∗R − h∗0) if λ∗ < 0,
(h∗0 − h∗L) if λ∗ > 0

We impose the continuity of
û

h
on the external waves λL and λR

ûL
hL

=
û∗L
h∗L

and
ûR
hR

=
û∗R
h∗R
.
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The HLL0,u scheme

Proposition

Assume that hL, hR , h∗L, h
∗
0 and h∗R are positive. Suppose that λL < λ∗ < λR

therefore, the sign of u∗L, u
∗
0, u

∗
R and λ∗ is the same of the sign as AhHLLuHLL,B̃

.

Well-balanced version of the HLL0,u scheme

Assume that hL > 0, hR > 0 and λL < λ∗ < λR . Assume that the previous
proposition is verified. Then, the system admits a unique solution

(h∗L, h
∗
0 , h
∗
R , u
∗
L, u
∗
0, u
∗
R , û
∗
L , û
∗
0 , û
∗
R , λ

∗) ∈ R10.

For WL and WR defining a smooth steady state, if hL > 0 and hR > 0 then, the
scheme satisfies the well-balanced property.
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Dam break problem

O
(

∆x0.25
)

O
(

∆x0.35
)

O
(

∆x0.25
)
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Numerical stability of the stationary solutions

Setting the parameters
I = ]0, 25[

Z (x) = max
(
0, 0.2− 0.05 (x − x0)2

)
,

M = 1.2m/s and S = 0.5m/s.

Initial Conditions
When the inlet boundary conditions are subcritical, the initial conditions
satisfy the lake at rest , i.e

h + z = hR , M = 0 and S = 0.

When the inlet boundary conditions are supercritical, the initial conditions are
chosen to be the analytical solution.
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Subcritical solution

5 6 7 8 9 10 11 12 13 14 15
0

0.2

0.4

0.6

0.8

1

1.2

Figure – Free surface and topography for the subcritical solution

h + Z M S

HLL0 5.6e − 14 2.02e − 14 2.7e − 14
HLL∗0 6e − 14 1.7e − 14 3.2e − 14
HLL0,u 5.4e − 14 1.9e − 14 3.2e − 14

Table – Free surface, discharge and shear errors for the subcritical solution
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Transcritical solution with shock

Figure – Free surface and topography for the transcritical solution with shock

h + Z M S

HLL0 8.6e − 03 1.9e − 03 1.45e − 10
HLL∗0 8.6e − 03 1.9e − 03 1.45e − 10
HLL0,u 9.1e − 03 1.8e − 03 8.71e − 16

Table – Free surface, discharge and shear errors for the transcritical solution with shock
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One shock at left solution

5 6 7 8 9 10 11 12 13 14 15

0

0.2

0.4

0.6

0.8

1

1.2

Figure – One shock at left solution for supercritical inlet and subcritical outlet boundary
conditions

h + Z M S

HLL0 4.5e − 03 5.1e − 03 2.06e − 10
HLL∗0 4.5e − 03 5.1e − 03 2.06e − 10
HLL0,u 4.7e − 03 4.4e − 03 2.06e − 10

Table – Free surface, discharge and shear errors
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Conclusion and perspectives

Conclusions
Analysed the C 1 piecewise steady state solutions
Proved the (Non) existence and (non) uniqueness of steady state solutions
Constructed approximate Riemann solver for the homogeneous model and the
model with topography
Studied numerically the non-stability of the solutions with a shock at the left
of the bump

Perspectives
Understand the origin the non-entropic stationary shock obtained with the
HLL0,u scheme for the transcritical solutions and then try to correct it.
Develop schemes that satisfy the dissipation of entropy.
Study the numerical effect of the friction source term on the solutions with a
shock on the left of the bump, see [Defina, Susin et Viero, 08].
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Regular moving steady states solutions

For K < Kc

h

hc

hsupK (x) hsubK (x)

Φ

Kc

K̄L := Φ (hc ,ZL)

K

h 7→ Φ (h,Zmax)

h 7→ Φ
(
h,Z lim

K

)

h 7→ Φ (h,Z (x))

h 7→ Φ (h,Z (xL))

Z ∈
[
ZL,Z lim

K

]
:

no solution

two distinct solutions

Z ∈
[
Z lim
K ,Zmax

]
:
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Existence

hL = h (xL) < hc fixed at the inlet and hR = h (xR) > hc fixed at the outlet

Z (x)

ZR + ψ
(
hsup
Kc

(xR)
)

ZR + hsub
Kc

(xR)ZL + hsub
Kc

(xL)

ZL + hsup
Kc

(xL)

ZL + ψ
(
hsub
Kc

(xL)
) ZR + hsup

KL
(xR)

x0

ZR + ψ
(
hsup
KL

(xR)
)
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Introduction

Lemma (Aguillon 18)
If û 6= 0, the 2D shallow water with two velocities is strictly hyperbolic. More
precisely, the eigenvalues are given by

λL < γL ≤ λ∗ ≤ γR < λR .

The eigenvalues are given by



λL = u −
√
gh + 3û2

λ∗ = u,

λR = u +
√
gh + 3û2,

γL = u − |û|,

γR = u + |û|. x

γR λRλ∗γL

U∗RU∗L
UL

λL
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Description of the Godunov-type schemes

Finite volume framework

We consider a uniform discretization of the computational domain
We denote Ci =]xi− 1

2
, xi+ 1

2
[ the cell of length ∆x = xi+ 1

2
− xi− 1

2
and

centered at xi
For any time tn, we define tn+1 = tn + ∆tn with ∆tn satisfying a CFL
condition to be described later
Let Un

i be a piecewise constant approximation of U(x , t) at time tn on the
cell Ci

We propose the following update formula

∀i ∈ Z,∀n ∈ N Un+1
i = Un

i −
∆tn

∆x

(
Fn

i+ 1
2
−Fn

i− 1
2

)
,

where

Fn
i+ 1

2
≈ 1

∆tn

∫ tn+1

tn
F
(
U
(
t, xi+ 1

2

))
dt.

The initialization of the algorithm can be computed with

∀i ∈ Z U0
i =

1
∆x

∫ x
i+ 1

2

x
i− 1

2

U(x , 0)dx .
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The HLL approximate Riemann solver [Lax et al, 83]

ŨHLL

(x
t
,UL,UR

)
=


UL if x

t < λL,
UHLL if λL < x

t < λR ,
UR if x

t > λR , x

λR

UR

UHLL

UL

λL

The consistency with the integral form of the conservation law leads to the
following intermediate states

hHLL =
[h (λ− u)]

[λ]
,

hHLLuHLL =

[
λhu − h(u2 + û2)− g

2h
2
]

[λ]
,

ûHLL =
[û (λ− u)]

[λ]
.

Properties of the scheme
Preserves the positivity of the water heights.
Satisfies the maximum principle on S .
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The HLL approximate Riemann solver
Discrete energy equality of the scheme

According to [Bouchut04], a scheme verifies a discrete energy inequality associated
to an energy E, if there exists a numerical energy flux G (UL,UR) which is
consistent with the exact energy flux, i.e G (U,U) = G (U) such that under some
CFL condition, the discrete values computed by the scheme automatically verify

∀i ∈ Z,∀n ∈ N, E
(
Un+1
i

)
− E (Un

i ) +
∆tn

∆x

(
Gni+ 1

2
− Gni− 1

2

)
≤ 0, (3)

where
Gni+ 1

2
= G

(
Un
i+1,U

n
i

)
.

" E is a convex function of (h, hu, hû) and not (h, hu, û)
The case ûL = ûR = 0 : In this case the energy is convex and it was proven in
[Bouchut, 04] that the HLL scheme verify the dissipative energy inequality.
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The HLL approximate Riemann solver

More precisely, if (3) is verified then, it is necessarily true in the two cells. In other
words, for one time step, we have E

(
U1

1
)
− E

(
U0

1
)

+ ∆tn

∆x

(
G0

3
2
− G0

1
2

)
≤ 0,

E
(
U1

2
)
− E

(
U0

2
)

+ ∆tn

∆x

(
G0

5
2
− G0

3
2

)
≤ 0,

=⇒
∆E0,1 := E

(
U1

2
)

+ E
(
U1

1
)
−
(
E
(
U0

2
)

+ E
(
U0

1
))

+
∆tn

∆x

(
G0

5
2
− G0

1
2

)
≤ 0. (4)

where Gn5
2

= G (Un
2 ) and Gn1

2
= G (Un

1 ) due to the consistency with the exact
energy flux.
The case ûL 6= 0 and ûR 6= 0 : We conclude through the numerical results that the
HLL scheme verifies (4). In this case, we might think that is dissipative even if it
is very diffusive on the transport wave.
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The HLL approximate Riemann solver

Figure – Dam Break case : Plots of the variables using the HLL scheme for 100, 1000
and 10000 points.
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The HLL∗ approximate Riemann solver

The quantity û
h jumps only along the intermediate contact discontinuity. In

fact, from (SW2), we can deduce that for regular solutions

∂t(
û

h
) + u∂x(

û

h
) = 0.

The HLL scheme is used to update only the classical shallow water variables
(h, u) and to compute the interface mass and momentum fluxes Fh

HLL and
Fhu

HLL.
The shear velocity û is updated using an upwind strategy

F û
{HLL,up,i+ 1

2}
=

ûni
hni
Fh+
{HLL,i+ 1

2}
+

ûni+1

hni+1
Fh−
{HLL,i+ 1

2}
,
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The HLL∗ approximate Riemann solver

ŨHLL∗(
x

t
,UL,UR) =


UL if x

t
< λL,

U∗L if λL <
x
t
< λ̃,

U∗R if λ̃ < x
t
< λR ,

UR if x
t
> λR .

x

λR

(
hR

hRuR
ûR

)
λ∗(

hHLL
hHLLuHLL

û∗R

)(
hHLL

hHLLuHLL
û∗L

)
(

hL
hLuL
ûL

)
λL

To construct the numerical scheme
1 we consider the consistency relations
2 we impose the continuity of h and u through the λ∗−wave

h∗L = h∗R and u∗L = u∗R .

3 we impose the continuity of
û

h
on the external waves λL and λR

ûL
hL

=
û∗L
h∗L

and
ûR
hR

=
û∗R
h∗R
.
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The HLL∗ approximate Riemann solver

For ûR
hR
6= ûL

hL
, the intermediate states are

h∗L = hHLL,
h∗R = hHLL,
u∗L = uHLL,
u∗R = uHLL,

û∗L = ûL
hHLL
hL

,

û∗R = ûR
hHLL
hR

,

λ∗ = λR −
hR (λR − uR)

hHLL
.

(HLL∗)

If ûR
hR

= ûL
hL
, we get û∗L = û∗R = ûHLL and we choose λ∗ defined above.

In addition, we have
λL < λ∗ < λR

sgn(Fh
{HLL}) = sgn(λ∗)

F û
{HLL,up} = F û

HLL∗
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The HLL∗ approximate Riemann solver

Properties of the scheme

Preserves the positivity of the water heights.
Satisfies the maximum principle on S .
Is not able to maintain an isolated contact discontinuity.
Is equivalent to the HLL scheme for û = 0
Doesn’t verify the discrete entropy inequality
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The HLL∗ approximate Riemann solver

Figure – Dam Break case : Plots of the variables using the HLL and HLL∗ scheme for
1000 points.
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Numerical results

To ensure that the CFL condition is satisfied, we set

∆tn = αCFL
∆x

2Γ
, Γ = max

i

(
|λnL,i+ 1

2
|, |λnR,i+ 1

2
|
)

with 0 < αCFL ≤ 1. In the following, we set αCFL = 0.9.
We compare the solutions computed by the several schemes with the analytical
solution of the Riemann problems, see [Aguillon et al, 18]. In addition to that, for
a domain discretized with nx cells we compute the L2 errors using the following
expression

L2 =

√√√√ 1
nx

nx∑
i=1

(Ui − Uex
i )2

where Ui and Uex
i are respectively the approximate and the exact solutions at the

cell Ci and at the physical time tend .
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Numerical results

Figure – The two rarefactions case. Plots of the variables using HLL, HLL∗ and HLLu

solvers for 1000 grid cells
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Numerical results

nx errHLL orderHLL errHLL∗ orderHLL∗ errHLLu orderHLLu

102 3.6e-02 - 3.8e-012 - 3.8e-02 -
103 1.1e-02 0.56 9.7e-03 0.59 9.6e-03 0.59
104 3.3e-03 0.47 2.9e-03 0.51 2.9e-03 0.51
105 1.5e-03 0.34 1.2e-03 0.39 1.2e-03 0.39
106 8e-04 0.26 6e-04 0.28 6e-04 0.28

Table – Height error and order of accuracy for the two rarefactions problem

nx errHLL orderHLL errHLL∗ orderHLL∗ errHLLu orderHLLu

102 1.6e-01 - 1.6e-01 - 1.6e-01 -
103 4.4e-02 0.57 4.4e-02 0.55 4.3e-02 0.56
104 1e-02 0.63 1e-02 0.63 1e-02 0.62
105 2.1e-03 0.7 2e-03 0.7 2e-03 0.69
106 3e-04 0.73 3e-04 0.73 4e-04 0.73

Table – Mean velocity error and order of accuracy for the two rarefactions problem

nx errHLL orderHLL errHLL∗ orderHLL∗ errHLLu orderHLLu

102 1.1e-01 - 1.1e-01 - 1.1e-01 -
103 3.3e-02 0.49 3.1e-02 0.55 3e-02 0.55
104 1.5e-02 0.35 1.2e-02 0.41 1.2e-02 0.41
105 8e-03 0.26 6e-03 0.27 6-03 0.27
106 4e-03 0.25 3e-03 0.25 3.5e-03 0.25

Table – Standard deviation error and order of accuracy for the two rarefactions problem
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Numerical results

Figure – Dam break problem with change of sign on û. Plots of the variables using HLL,
HLL∗ and HLLu solvers for 1000 grid cells
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Numerical results

Figure – Dam break problem with change of sign on û. Plots of the hû2 using HLL,
HLL∗ and HLLu solvers for 1000 grid cells
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Numerical results
nx errHLL orderHLL errHLL∗ orderHLL∗ errHLLu orderHLLu

102 8.8e-02 - 6.6e-02 - 6.8e-02 -
103 5.3e-02 0.24 3.8e-02 0.3 3.8e-02 0.31
104 3.1e-02 0.24 2.2e-02 0.24 2.2e-02 0.24
105 1.7e-02 0.24 1.2e-02 0.24 1.2e-02 0.24
106 9e-03 0.25 7e-03 0.25 7e-03 0.25

Table – Height error and order of accuracy for the Dam break problem with change of
sign on û

nx errHLL orderHLL errHLL∗ orderHLL∗ errHLLu orderHLLu

102 2e-01 - 1.4e-01 - 1.4e-01 -
103 1e-01 0.23 5e-02 0.32 6e-02 0.29
104 6e-02 0.21 4.2e-02 0.2 4e-02 0.21
105 3e-02 0.24 2.4e-02 0.22 2.5e-02 0.22
106 2e-02 0.24 1.4e-02 0.24 1.4e-02 0.24

Table – Mean velocity error and order of accuracy for the Dam break problem with
change of sign on û

nx errHLL orderHLL errHLL∗ orderHLL∗ errHLLu orderHLLu

102 4.1e-01 - 2.8e-01 - 2.9e-01 -
103 2.3e-01 0.24 1.6e-01 0.31 1.6e-01 0.3
104 1.3e-01 0.25 9e-02 0.25 9e-02 0.24
105 7e-02 0.24 5e-02 0.24 5e-02 0.24
106 4e-02 0.24 2e-02 0.24 2.e-02 0.24

Table – Standard deviation error and order of accuracy for the Dam break problem with
change of sign on ûNelly BOULOS AL MAKARY 14 Mars 2023 19 / 33



Objectives

The main objective of this work is to derive numerical schemes that
1 preserve the positivity of the water height
2 preserve the maximum principle on S = û

h

3 are accurate for the transport process associated to the shear velocity
4 are accurate on the contact discontinuity while verifying a well-balanced

property for all regular steady states of the system (SW2).
To do so we

approximate the source term
we extend the numerical schemes constructed for the homogeneous model to
adapt with the presence of the stationary wave
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Steady states solutions

The C 1 steady states of (SW2) system are governed by
∂x (hu) = 0,
∂x
(
h
(
u2 + û2

)
+ g

2h
2
)

= −gh∂xZ ,
∂x (uû) = 0

=⇒


hu = M,
u2

2 + 3û2

2 + g (h + Z ) = K ,
uû = MS .

For all WL = (hL, hLuL, ûL,ZL) and WR = (hR , hRuR , ûR ,ZR) at steady state, the
well balanced approximate Riemann solver W̃ should verify

W̃
(x
t
,WL,WR

)
=

{
WL if x

t < 0,
WR if x

t > 0.

Let us introduce the quantity (steady state indicator introduced first by [Berthon
et al, 21])

εL,R = |KR − KL|+ |MR −ML|+ |SR − SL|.

The smooth steady state solutions of (SW2) for a Riemann problem are then
characterized by

εL,R = 0.
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Source term discretization

Proposition
Suppose that WL = (UL,ZL) and WR = (UR ,ZR) define a smooth steady state
solution . The approximation of the topography source term ensures the relation

∆x · B̃M = M2
[
1
h

]R
L

+ S2 [h3]R
L

+
g

2
[
h2
]R
L
.

which is a discrete version of the second equation of the regular steady state
solutions.

The approximation of the source term
ensures the relation

∆x · B̃M = M2
[
1
h

]R
L

+ S2 [h3]R
L

+
g

2
[
h2
]R
L
.

which is a discrete version of the second equation of the regular steady state
solutions for WL = (UL,ZL) and WR = (UR ,ZR) defining a smooth steady
state solution
is ill-defined if F̃h̄,M,S = 1 and εL,R = 0. Then, as in [Berthon, 21], we choose
to set ∆x · B̃M = 0.
is ill posed if hL = 0 or hR = 0. Hence, we take

∆x · B̃M = −2g [Z ]
hLhR

hL + hR
+

g

2
[h]3

hL + hR
,

as proposed in [Berthon et al, 17] but, this topography doesn’t vanish for flat
topography.
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The HLL0 scheme

This approximate Riemann solver is an extension of the HLL scheme to take into
consideration the stationary wave. This solver is similar to the scheme initially
proposed for the shallow water equations with topography in [Berthon et al, 16].

x

λR

WR

λ0

W ∗RW ∗L
WL

λL

In this scheme and in this work we choose to impose that the topography is
only discontinuous on the stationary wave, i.e Z∗L = ZL and Z∗R = ZR .
We have six unknowns : W ∗L = (h∗L, h

∗
Lu
∗
L, û
∗
L) and W ∗R = (h∗R , h

∗
Ru
∗
R , û
∗
R).
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The HLL0 scheme
We consider a linearization as done in [Berthon et al, 21](

−M2

hLhR
+

g

2
(hR + hL) + S2

(
h2
R + hLhR + h2

L

))
(h∗R − h∗L ) = ∆x · B̃.

or equivalently

αL,R (h∗R − h∗L ) = ∆x · B̃, where αL,R =
−M2

hLhR
+

g

2
(hR + hL) + S2

(
h2
R + hLhR + h2

L

)
.

So, for αL,R 6= 0 or εL,R 6= 0 the above relation is replaced by(
α2
L,R + εL,R

)
(h∗R − h∗L ) = αL,R∆x · B̃.

and we define

CαL,R ,B̃
:=

αL,R∆x · B̃
α2
L,R + εL,R

.

Then, the sixth relation is
(h∗R − h∗L ) = CαL,R ,B̃

.

" When αL,R = εL,R = 0 we choose to impose

(h∗R − h∗L ) = (hR − hL) .
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The HLL0 scheme

The linearization (24) is ill-posed for αL,R = εL,R = 0. After straight forward computations, we
get

lim
αL,R→0

lim
εL,R→0

αL,R∆x · B̃(
α2
L,R + εL,R

) = hR − hL,

but

lim
εL,R→0

lim
αL,R→0

αL,R∆x · B̃(
α2
L,R + εL,R

) = 0.

Here, as in [?], when αL,R = εL,R = 0 we choose to impose

(h∗R − h∗L ) = (hR − hL) .
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The HLL0 scheme

Other correction strategies

The strategy proposed by [Audusse et al, 15] consists on
setting the intermediate water height and the standard deviation to zero hk∗ = 0,

Mk∗ = M∗,
ûk∗ = 0

where k corresponds to L or R depending on the state of the negative quantity.
The strategy proposed by [Berthon et al, 21] consists on

introducing a parameter γ such that

0 ≤ γ ≤ min (hL, hR , hHLL) .

setting hk∗ = γ and to consider the consistency relations and the first and
third equilibrium relation.
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The HLL∗0 approximated Riemann solver

1 A first possibility is to construct a HLL∗0 solver using an upwind strategy.
2 A second possibility is to interpret the scheme as a four waves ARS.

x

λR

WR

t

λ∗ λ0
W ∗0 W ∗RW ∗L

WL

λL

x

λR

WR

t

λ∗λ0
W ∗0 W ∗RW ∗L

WL

λL

Figure – The waves representation of the HLL∗0 approximate Riemann solver with λ∗ < 0
on the left and λ∗ > 0 on the right.
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The HLL∗0 approximated Riemann solver

We consider the consistency relation
Similarly to HLL0, we consider the Riemann invariant across the stationary
wave

(h∗0u
∗
0, u
∗
0û
∗
0) =

{
(h∗Ru

∗
R , u
∗
R û
∗
R) if λ∗ < 0,

(h∗Lu
∗
L, u
∗
Lû
∗
L) if λ∗ > 0

The linearization across the stationary wave implies

CαL,R ,B̃
=

{
(h∗R − h∗0) if λ∗ < 0,
(h∗0 − h∗L) if λ∗ > 0

Similarly to HLL∗, we impose the continuity of h and u across the transport
wave.

(h∗0 , u
∗
0) =

{
(h∗L, u

∗
L) if λ∗ < 0,

(h∗R , u
∗
R) if λ∗ > 0

We impose the continuity of
û

h
on the external waves λL and λR

ûL
hL

=
û∗L
h∗L

and
ûR
hR

=
û∗R
h∗R
.
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The HLL∗0 scheme

Well-balanced version of the HLL∗0 scheme
Assume that hL and hR are positive. For ûR

hR
6= ûL

hL
, the left and right intermediate

states are given by 

h∗L = hHLL −
λRCαL,R ,B̃

(λR − λL)
,

h∗R = hHLL −
λLCαL,R ,B̃

(λR − λL)
,

u∗L =
hHLLuHLL +

∆x · B̃
λR − λL

h∗L
,

u∗R =
hHLLuHLL +

∆x · B̃
λR − λL

h∗R
,

û∗L =
ûL
hL

h∗L,

û∗R =
ûR
hR

h∗R ,

(HLL∗0)
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The HLL∗0 scheme
Well-balanced version of the HLL∗0 scheme

Assume that h∗L > 0 and h∗R > 0.
Suppose λ∗ > 0 then,

λ∗ =
λRh

∗
R − hR (λR − uR)

h∗R
> 0⇔ λRh

∗
R − hR (λR − uR) > 0,

Suppose λ∗ < 0 then,

λ∗ =
λLh
∗
L − hL (λL − uL)

h∗L
< 0⇔ λLh

∗
L − hL (λL − uL) < 0,

But, the consistency relation on the water height implies

I :=

λLh
∗
L − λLhL + uLhL = λRh

∗
R − λRhR + uRhR .
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The HLL∗0 scheme
Well-balanced version of the HLL∗0 scheme

Assume that h∗L > 0 and h∗R > 0.
Suppose λ∗ > 0 then,

λ∗ =
λRh

∗
R − hR (λR − uR)

h∗R
> 0⇔ λRh

∗
R − hR (λR − uR) > 0,

Suppose λ∗ < 0 then,

λ∗ =
λLh
∗
L − hL (λL − uL)

h∗L
< 0⇔ λLh

∗
L − hL (λL − uL) < 0,

But, the consistency relation on the water height implies

I :=λLh
∗
L − λLhL + uLhL = λRh

∗
R − λRhR + uRhR .
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The HLL∗0 scheme
Well-balanced version of the HLL∗0 scheme
And we impose

λ∗ =


I

h∗R
if I > 0,

I

h∗L
if I < 0

that satisfies
λL < λ∗ < λR .

Assume that hL and hR are positive and ûR
hR
6= ûL

hL
. The intermediate state W ∗0 is given by

If λ∗ > 0

h∗0 = hHLL −
λLCαL,R ,B̃

(λR − λL)

u∗0 =

hHLLuHLL +
∆x · B̃
λR − λL

h∗0
,

û∗0 =
ûL

hL
h∗0 ,

If λ∗ < 0

h∗0 = hHLL −
λRCαL,R ,B̃

(λR − λL)
,

u∗0 =

hHLLuHLL +
∆x · B̃
λR − λL

h∗0
,

û∗0 =
ûR

hR
h∗0 .

Assume that hL and hR are positive. For WL and WR defining a smooth steady state the
intermediate states satisfy the well-balanced property.
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Positive and well-balanced version of the HLL∗0 scheme

According

(h∗0 , u
∗
0) =

{
(h∗L, u

∗
L) if λ∗ < 0,

(h∗R , u
∗
R) if λ∗ > 0

and
λRh

∗
R − λLh∗L = (λR − λL) hHLL,

wen can conclude that only one quantity among h∗L or h∗R can be negative. More
precisely, if h∗L < 0 then,

h∗R > 0 =⇒ I > 0 =⇒ λ∗ > 0 =⇒ h∗0 = h∗R > 0,

and if h∗R < 0 then,

h∗L > 0 =⇒ I < 0 =⇒ λ∗ < 0 =⇒ h∗0 = h∗L > 0.
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Positive and well-balanced version of the HLL∗0 scheme

To ensure the positivity of all intermediate water heights we will test the sign of

h̃∗L = hHLL −
λRCαL,R ,B̃

(λR − λL)
and h̃∗R = hHLL −

λLCαL,R ,B̃

(λR − λL)
.

The case h̃∗L > 0 and h̃∗R > 0 then,the intermediate states defined earlier

The case h̃∗L < 0 and h̃∗R > 0
then, we replace the equilibrium
relations by the fact that the L∗

intermediate state vanishes h∗L = 0,
u∗L = 0,
û∗L = 0,

The case h̃∗L > 0 and h̃∗R < 0
then, the equilibrium relations are
replaced by the fact that R∗

intermediate states vanishes h∗R = 0,
u∗R = 0,
û∗R = 0,

In each case we show that λL < λ∗ < λR
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